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Foreword: From P-values to E-values

		by Michael I. Jordan
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What is an “e-value” and why has it become an object of intense study in statistics and in the allied fields of machine learning, signal processing, and econometrics? To briefly introduce the basic idea, let us consider one of the core problems in statistics – the “hypothesis testing problem” of deciding whether observed data is consistent with some particular data-generating mechanism (often referred to as a “null hypothesis”) or is better explained by another mechanism (referred to as an “alternative hypothesis”). This problem is addressed by defining some function of the data (a “statistic”) whose distribution is as different as possible under the null and the alternative. Given an observed value of such a statistic, one then makes a choice between the two distributions, doing so in a way that minimizes the probability of errors. Classical statistical theory provides a unifying framework – the “p-value” – by which the choice between the null and alternative hypotheses reduces to a thresholding procedure.

 
E-values provide an alternative to the classical p-value paradigm. Rather than being tail probabilities under the null hypothesis, e-values are nonnegative random variables whose expectation is less than or equal to one under the null hypothesis. Given that tail probabilities and expectations are related by Markov’s inequality, it may seem that p-values and e-values are not so very different. But the key point is that they arise from different perspectives and in different problem settings, and they accordingly have different strengths and weaknesses.

To elaborate and to set the stage for the current collection, note that the focus of p-values is the analysis of an experiment in which a sample size is chosen, a batch of data having that sample size is collected, a p-value is computed, and a decision is made – with no possibility of revisiting the decision. E-values, on the other hand, focus on an online framework in which a stream of data is observed, with no a priori choice of the number of data points. The statistician is viewed as accruing evidence over time with the possibility of making a decision at any point in time. The decisions are thus tentative and revokable.

This online perspective is turned into mathematics by making use of the machinery of martingale theory. One views the statistician as placing bets over time that aim to reveal whether the null hypothesis or the alternative hypothesis is the source of the data stream. The null hypothesis can be interpreted in terms of a casino in which the odds are not in the statistician’s favor, such that her wealth dwindles over time, no matter how the bets are placed. This dwindling behavior can be modeled mathematically with martingale theory – in particular as a nonnegative supermartingale. On the other hand, the alternative hypothesis corresponds to a casino in which the odds are in the statistician’s favor, so that if she places her bets wisely her wealth will increase over time. Thus, under the alternative the wealth is not a martingale; indeed, it can be made to increase exponentially. Statistical hypothesis testing is thereby viewed as the discrimination between a losing betting process that dwindles to zero and a winning process that grows exponentially.

E-values are then defined as the value of the wealth process at a stopping time of the process. It is a consequence of the optional stopping theorem that e-values are bounded in expectation by one under the null hypothesis. Decisions can be made by thresholding e-values.

This online perspective on hypothesis testing arose slowly over many decades in statistics, in parallel with the rise of p-value-based statistics. Its early development came stochastic processes (Ville, Doob), information theory (Kelly, Breiman), and sequential analysis (Wald, Robbins, Darling). Recent years have seen a flowering of research that not only picks up on classical themes, but also revisits a wide range of other problems in statistics that have traditionally been solved via p-values, tackles challenges that p-value-based statistics have not solved convincingly, and, perhaps most importantly, develops e-value-based solutions to modern problems that have arisen in high-dimensional statistics and machine learning. The articles in the current collection provide an appealing point of entry into this fast-moving and impactful literature.
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E-values: Statistical Testing for the 21st Century - Introduction to the Special Theme

		by the guest editors Peter Grünwald (CWI and Leiden University, Wouter Koolen (CWI and University of Twente) and Johanna Ziegel (ETH Zurich)
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As new measurements become available over time, we face the classic problem of updating our information state. In science, this typically means refining our view of hypotheses based on experimental outcomes – either determining if the data allow us to reject a null hypothesis, or estimating which parameter values remain statistically plausible. Anytime-valid methods allow us to reliably refine these assessments sequentially while guaranteeing at most a controlled fraction of mistakes.

 
How do we quantify and sequentially combine this incoming evidence? E-values provide a concrete answer. In their most basic form, we use them to quantify evidence against a null hypothesis. As is standard in statistics, the null hypothesis is a probabilistic formalization of “nothing special is going on”: the medication under consideration has no effect; the pairs of outcomes we see are independent; the coin we study is unbiased, and so on. An e-variable for such a null hypothesis is a nonnegative random variable with an expectation of at most 1 under the null. When batches of data come in sequentially, we can calculate e-values sequentially for each of them and multiply them, forming what mathematicians call a supermartingale, which now quantifies the total evidence in all data seen so far. A comprehensive statistical theory can be built from these ingredients. One cornerstone of this framework is Ville’s inequality, which strictly bounds the probability of this supermartingale ever exceeding a large threshold under the null. Conversely, ideas from learning theory guide us in designing powerful e-values and supermartingales with optimal growth rates under alternative hypotheses. For example, based on such e-values and supermartingales, one can construct anytime-valid confidence intervals which quantify uncertainty of a quantity of interest such as the strength of an effect (in clinical trials) or the difference in click-through rate for different web page layouts (in A/B testing).

E-values, named for both evidence and expectation, are a recent label for ideas with a much longer history. Closely related objects have appeared repeatedly across several disciplines: as nonnegative martingales and sequential tests in probability and statistics (Ville, Doob, Wald, Robbins); as likelihood ratios in statistics, universal codes in information theory, and Martin-Löf randomness tests in computability theory; and as betting capital in the game-theoretic probability framework of Shafer and Vovk. Parallel developments in concentration inequalities, self-normalized processes, online learning, and adaptive experimentation supplied increasingly powerful methods for constructing and analyzing such processes. The modern theory of e-values may be viewed as a synthesis of these traditions, revealing a common mathematical structure underlying sequential inference, evidence accumulation, and prediction.

While this special issue reflects the highly international nature of the field, researchers at CWI have made major contributions to the development of the modern theory of e-values since the term “e-value” was first introduced in 2019.

The justification for e-values is most sharply revealed in general decision-making problems, where feasibility and optimality considerations force their emergence. We next highlight two remarkable instances of this phenomenon. The first characterization arises in post-hoc decision making. If evidence is to remain valid when reused for arbitrary future analyses and decisions while retaining frequentist guarantees, then it must be an e-variable. In this sense, e-values provide the unique representation of reusable evidence. The second characterization arises in active sequential testing, where learning and experimentation form a feedback loop: current evidence determines the next experiment, whose outcome updates the evidence, and so on. If the goal is to reach a reliable conclusion after as few experiments as possible, then matching lower and upper bounds show that the minimal expected sample size is characterized by e-value growth rates. Thus, e-values also arise as the solution to optimal sequential design problems.

However, e-values offer more than anytime-validity. Any weighted average of e-values is again an e-value. This simple closure property provides a principled way to combine evidence from different sources, even when the data are not generated sequentially in time or are partially dependent, making e-values a fundamental tool in multiple testing. As such, they are considerably more flexible than the classical notion of statistical evidence based on p-values, for which combination over time or under dependence is significantly more delicate.

This flexibility is also reflected in the fact that, unlike classical methods, e-values can provide risk guarantees even when the Type-I loss (roughly, the cost of rejecting a true null hypothesis; strong Type-I guarantees correspond to small significance levels) is not fixed in advance but may itself depend on the data or the decision process.

Of course, flexibility may come at a price. Analyses based on e-values may sometimes require more data than classical fixed-sample procedures. Moreover, for a given statistical problem, there are typically many valid e-values, and it is not always easy to compute the optimal one in terms of the growth rates discussed above. More generally, different tasks lead to different notions of optimality, and no single choice is uniformly best. Which notion is most relevant therefore depends on the context.

Research into e-variables is rapidly advancing the core ideas underlying anytime-valid inference and, more generally, principled combination of evidence. New goals have been introduced, such as e-detectors and notions of asymptotic safety. New optimality criteria have been proposed, including those based on Rényi divergence and concave utility functions. Admissible and optimal e-variables are being characterized more precisely. In addition, connections have been established to other areas, including probability and measure theory, group invariance, nonparametric statistics, game theory and convex duality, information theory, and online learning. This special issue brings together recent developments in the field, highlighting advances across these methodological, conceptual, and technical dimensions.

From Foundations to Applications
More specifically, this special issue covers both foundational and applied aspects of e-values. On the foundational side, contributions address testing by betting (Shafer), the search for optimal e-values in a general setting (Larsson, Ramdas, and Ruf), the relationship between e-values and p-values (Clerico), the role of e-values in resolving counterfactuals (Grünwald), objective probability through sequential mixture learning (Dixit and Martin), and the combination of e-values with conformal prediction to obtain prediction rather than confidence intervals (Gauthier).

Several articles focus on methodology, including safe procedures for multiple testing (de Heide; Ren), the derandomization of such procedures (Monti and Filzmoser), tests for stochastic dominance (Choe and Arnold), tests for sub-Gaussianity (Koolen, Larsson and Agrawal), and near-optimal e-values for testing association (Dickhaus, Giuffrida and Wang).

Applications range from clinical trials (Long and Van Zwet) and replication meta-analyses in psychology (Arias, Ly, Meziu and Reyero-Lobo) to the specification of clinically relevant effect sizes (Koobs and Koning), the analysis of preference data in elections (Tuynman and Mathieu), the assessment of AI systems (Dhillon, Pandeva and Curth) and reinforcement-learning agents (Bongers), and the backtesting of financial risk assessments (Wang). Finally, Michael Lindon, Netflix discusses the use of e-values in the technology industry.

Together, these developments point toward a unified view of statistical evidence in which e-values play the central role. They provide new ways to address old problems, and inspire new challenges to be tackled head-on. We are excited by this prospect, and hope you will be too. Please enjoy this special issue.
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E-Values for Stable and Robust Variable Selection in Microbiome Studies

		by Gianna Serafina Monti (University of Milano-Bicocca), and Peter Filzmoser (TU Wien) 

E-values provide a principled foundation for false discovery rate control in high-dimensional microbiome data analysis. We show how their aggregation properties enable a derandomized, robust knockoff filter that outperforms classical approaches in stability and reproducibility.

 
Identifying which bacterial species in the gut microbiome are genuinely associated with clinical outcomes, such as obesity, liver disease, or cancer, is a central challenge in modern computational biology. The statistical hurdles are formidable: microbiome data are compositional (only relative abundances are observed), high-dimensional (far more species than subjects), sparse (few species are truly related to outcomes), and frequently contaminated by outliers. Clinical studies also routinely measure several outcomes simultaneously, calling for multivariate methods rather than repeated univariate analyses.

A recurring challenge in this setting is controlling the false discovery rate (FDR), the proportion of spurious associations among those reported, while maintaining adequate power to detect true signals. P-value-based FDR control often relies on restrictive assumptions about the data’s dependence structure – assumptions that are frequently violated in microbiome studies – whereas e-values provide a more flexible framework. Their natural closure property under averaging enables robust error control even in high-dimensional settings with complex, unknown dependencies. An e-value is a non-negative number that quantifies evidence against a null hypothesis: a value of 1 indicates no evidence, while large values indicate strong evidence. Unlike p-values, e-values can be freely averaged and combined across independent experiments without compromising their validity as evidence measures. This closure property under averaging is the key to a new generation of derandomized procedures: by aggregating e-values across repeated knockoff constructions, we achieve a level of selection stability and reproducibility previously unattainable with p-value-based filters. 

The knockoff framework and its randomness problem
The knockoff filter is a powerful approach to variable selection with FDR control. It works by augmenting the dataset with synthetic copies of the predictors, the “knockoffs”, that mimic the correlation structure of the originals but carry no signal. Comparing the regression coefficients of the original and knockoff features yields evidence scores, and a data-driven threshold selects features above a level that provably controls the FDR. The Multi-Response Knockoff Filter (MRKF) of Srinivasan et al. (2023) extends this idea to multivariate response settings, making it applicable to studies with multiple clinical outcomes. 
However, the classical knockoff filter has a well-known Achilles’ heel: its inherent randomness. Because the knockoff matrix is inherently stochastic, repeated analyses of the same dataset yield different sets of selected variables – an undesirable property in scientific practice, where reproducibility is paramount. This instability is not a minor inconvenience; it can undermine trust in reported findings and complicate downstream biological interpretation. 

E-values as the bridge to derandomization
We show that e-values provide an elegant and principled solution to this instability [2]. The key idea is to run the knockoff filter M times, each with an independently sampled knockoff matrix, and to convert each run’s selection into e-values for each feature. Specifically, for each feature and each knockoff copy, an e-value is defined that is large when the feature is selected and small otherwise. Because these e-values are independent across runs, their average is also a valid e-value – a direct consequence of the martingale structure underlying e-value theory. The averaged e-values are then fed into the e-BH procedure [3], which controls the FDR under arbitrary dependence among hypotheses. The result is a single, stable selection set that aggregates evidence across multiple randomizations without inflating the FDR.

This derandomized procedure, which we call RobMRKF-Derand, inherits all the finite-sample FDR guarantees of the knockoff framework while dramatically reducing variability across runs. The e-value aggregation step is not merely a computational trick. It reflects a genuine accumulation of statistical evidence, consistent with the broader e-value literature on sequential and anytime-valid inference.

Robustness and compositionality
We embed this derandomized knockoff filter within a robust multivariate regression framework for compositional covariates. As the microbiome predictors are compositions and thus live in the simplex sample space, they are first mapped to the Euclidean space via the additive log-ratio (alr) transformation. Regression and covariance estimation are then performed jointly using an adaptation of the robust multivariate lasso with covariance estimation from Chang and Welsh (2023) [1], replacing the standard squared loss with Tukey’s biweight loss to down-weight outlying observations. The combination of robust estimation and e-value-based derandomization yields a method that is both resistant to contamination and stable across repeated analyses.

Results
Simulation studies confirm that RobMRKF-Derand controls the FDR at the nominal level across a range of contamination scenarios while achieving higher power and substantially lower selection variability than the non-robust MRKF. In real microbiome data applications, the method identifies biologically interpretable associations between microbial species and clinical parameters, findings that are reproducible across runs, unlike those of the classical knockoff filter.
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Figure 1: Simulation results for the FDR and TPR (true positive rate) when comparing the non-robust (classical) and robust procedures, with and without an initial screening step.



 

The figure presents simulation results for the FDR and TPR (true positive rate) when comparing the non-robust (classical) and robust procedures, with and without an initial screening step. In contrast to the classical method, the robust procedure keeps the nominal FDR level of 0.2 in most cases (for details, see [2]).  

Links: 
[L1] R code, synthetic data illustrations, and documentation: https://github.com/giannamonti/RobMReg.
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Betting on Bets: Comparing the Upsides of Uncertain Prospects over Time with E-values

		by Yo Joong Choe (INSEAD) and Sebastian Arnold (CWI) 

New research develops novel statistical methodology, based on e-values, for monitoring whether one uncertain prospect (say, a new investment option) has an upside over another (say, the current investment). These e-values can flexibly and effectively test for multiple notions of upside over time, as defined by the decision-maker’s preferences, and they come with a direct monetary interpretation that guides the decision (say, whether to invest in the new option).

 
Imagine you are presented with two recurring “bets” whose outcomes are uncertain. One of these bets is the financial asset that you currently invest in, say a government bond; the other is a riskier asset that you were keeping your eye on, say a lesser-known stock that you think may have an upside. Quick research tells you that the average historical returns of these two assets have been nearly identical. Unsure what to do, you decide to monitor these prospects over time to answer the question: is there enough evidence that there is an upside to this new “bet” over the old one?

This upside question, over a pair of uncertain prospects, is not just relevant to financial decision-making. We could also compare the performance of a new football player over a comparable player on the squad; the carbon offset levels of a new policy over an existing one for a business; or even the efficacy of a newly approved drug over an existing one across different subpopulations. While the alternatives in the latter scenarios may not initially look like “bets,” they are, in reality, uncertain prospects whose relative upsides need to be monitored carefully before we commit to a decision.

In a recent work [1], together with Marco Scarsini and Ilia Tsetlin, we found that various forms of this upside question can be answered effectively using e-values [2] as our measure of statistical evidence. The first key benefit of using e-values is that, instead of a binary decision at a fixed sample size, we can compute a sequentially accumulating evidence measure for the relative upside of a prospect. The resulting test permits continuous monitoring – a procedure that invalidates classical p-values – allowing the decision-maker (DM) to make informed decisions at any time point.

Another benefit of e-values is that it naturally comes with an intuitive monetary interpretation. Consider the simplest form of the upside question: is the new financial asset more likely to yield a positive return than the old one? Now, suppose that a bookmaker offers us a hypothetical betting game. For every euro we invest, we win an extra euro if the new prospect nets a positive return while the old prospect yields a negative return; we lose the euro if the opposite happens. (It is a “push” if both go positive or both go negative.) The rules of this “bet on bets” hint at the bookmaker’s implicit hypothesis: the new prospect is not more likely to yield a positive return than the old one.

This betting game reveals a key insight underlying e-values. If we were to start with a euro and repeatedly bet a fraction of our money on this hypothetical gamble, then we can only expect to grow our wealth if the bookmaker’s hypothesis is wrong and the new prospect is indeed more likely to yield a positive return than the old one. In the testing-by-betting framework [2], the amount of money we make from this gamble is our evidence against the bookmaker’s claim, and we refer to this wealth as the e-value. It would be very surprising to make, say, 100 euros in this betting game, regardless of how cleverly we make our bets, if the new prospect in fact had no upside over the old one. If needed, we can connect this notion back to classical statistics: rejecting the null hypothesis at a significance level of 1% corresponds to rejecting it after making 100 times the initial wealth.

In our work, we derive an optimal betting strategy for this game that maximizes the expected growth rate of the e-value whenever, in reality, the bookmaker’s hypothesis is incorrect. This means that, when using this strategy, we can expect to detect an upside as quickly as possible – if there is one.

What about the broader question of whether the new prospect has an upside at some threshold, say the probability of a return above X% for an unspecified X? To answer this question, we leverage the third benefit of e-values: we can flexibly combine multiple e-values for simpler questions to answer a more complex one. Now imagine playing multiple betting games across different return thresholds, but with the same initial budget of one euro. At each round, we can split our money across all these games, and we make our bet in each game with the money allocated to that game. Then, after any given round, our combined wealth quantifies accumulating evidence for the broader upside question.

The main result of our work shows that, when using optimal bets for each game, and any reasonable strategy to split money across games, our combined wealth will grow exponentially fast, eventually to infinity, whenever there is a relative upside to the new prospect at some threshold. Figure 1 illustrates this on simulated financial returns: whenever an asset has a clear upside at an unspecified threshold, its associated e-value grows exponentially fast over time.

[image: E-values for testing the relative upside of two uncertain prospects]
Figure 1: Given a pair of uncertain prospects, the e-value developed in new research quantifies statistical evidence for the relative upside of one prospect over another, and it grows exponentially fast when there is such an upside. The left panel shows histograms for the returns of two hypothetical financial assets (say, A = Bond and B = Stock). The right panel shows e-values for testing the relative upside of either asset as more observations arrive (in pairs). Note that the vertical axis is logarithmic. Given the high upside of asset B (higher probability of achieving a 2% return), the e-value for B grows exponentially fast, while the e-value for A does not. The dashed lines indicate the rejection thresholds for statistical testing at significance levels 1%, 5%, and 10%.



The research further makes advances on two related problems. First, it extends the methodology to other notions of upside [3], such as upsides according to risk-averse DMs. Second, it further extends the methodology to a more challenging question: can we monitor whether a new prospect has definite upside over the old one? A promising future direction is to apply these tools to monitor for upside, flexibly and in real time, across applications like online experimentation, public policy, and sports analytics. 
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